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Abstract 

The properties of Kaehler submanifolds with recurrent the second fundamental form in 
spaces of constant holomorphic sectional curvature are being studied in this article. 

o": 

O ■ Introduction 

(N ; 

Let M 2m+2L be a Kaehler manifold of complex dimension m + I (m > 1,1 > 1) with 
h— 5 ' almost complex structure J and a Riemannian metric g, V be the Riemannian connection 

coordinated with g, R be the Riemannian curvature tensor of manifold M 2m+21 . Let F 2m be 
a Kaehler submanifold of complex dimension m in M 2m+21 with induced Riemannian metric 
g. The restriction J to F 2m defines induced almost complex structure on F 2m , which we 
will denote by the same symbol J. Let V be the Riemannian connection coordinated with 
g, D be the normal connection, b be the second fundamental form, R 1 - be the tensor of 
normal curvature of submanifold F 2m , V = V © D be the connection of van der Waerden - 
Bortolotti. b is called parallel if Vfe = 0. A tensor of normal curvature R x is called parallel if 

B^: vr 1 - = o. 

According to the definition of recurrent tensor field (see [1] , note 8), nonzero form b ^ 
is called recurrent if there exists 1-form u on F 2m such that Vb = a <8> b. 

> ■ 

co : 

Theorem 1 . Let F 2m be a Kaehler submanifold of complex dimension m in a Kaehler 
manifold M 2m+21 (c) of complex dimensionm+l and constant holomorphic sectional curvature 
c. If F 2m has recurrent the second fundamental form b then the tensor of normal curvature 
q ■ R 1 - ^ is parallel. 

■ 

It is known (see [1] , note 8, theorem 3), that for a Riemannian manifold M with recurrent 
tensor of Riemannian curvature R and irreducible narrowed linear group of holonomy, it is 
necessary that the tensor of Riemannian curvature R be parallel (i.e. VR = 0) with the 
condition dimM > 3. A Riemannian manifold M is called locally symmetric if V-R = 0. 



Theorem 2 . Let F 2m be a Kaehler submanifold of complex dimension m in a Kaehler 
manifold M 2m+21 (c) of complex dimensionm+l and constant holomorphic sectional curvature 
c. If F 2m has recurrent the second fundamental form b then F 2m is locally symmetric 
submanifold. 
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1 Main notations and formulas. 

Let M n+P be (n + p) -dimensional (n > 2,p > 2) smooth Riemannian manifold, g be a 
Riemannian metric on M" +p , V be the Riemannian connection coordinated with g, F n be 
n-dimensional smooth submanifold in M n+P , g be the induced Riemannian metric on F n , 
V be the Riemannian connection on F n coordinated with g, TF n and T^F™ 1 be tangent 
and normal bundles on F n , respectively, R and R\ be the tensors of Riemannian and Ricci 
curvature of connection V, respectively, b be the second fundamental form F n , D be the 
normal connection, R 1 - be the tensor of normal curvature, V be the connection of Van der 
Waerden — Bortolotti. 

The formulas of Gauss and Weingarten have, respectively, the following form [2] : 

V X Y = V x Y + b(X,Y), (1.1) 

Vx£ = -A{X + D X C, (1.2) 

for any vector fields X, Y, tangent to F n , and vector field £ normal to F n . 

The equations of Gauss, Peterson — Codacci and Ricci have, respectively, the following 
form [2] : 

R(X, y, Z, W) = R(X, Y, Z, W) + g(b(X, Z), b(Y, W)) - g(b(X, W), b(Y, Z)\ (1.3) 

{R{X,Y)ZY = (V x b)(Y,Z) - (V Y b)(X,Z), (1.4) 

R(X, Y, £, 77) = R X (X, F, £, 77) - g([As, A V ]X, Y), (1.5) 

for any vector fields X, Y, Z, W, tangent to F n , and vector fields £, 77, normal to F n . 

For any vector field £ normal to F n , we denote as the second fundamental tensor 
relatively to £. For A^ the relation holds 

g(b(X,Y),t)=g(AeX,Y), (1.6) 

for any vector fields X, Y, tangent to F n . 

A normal vector field £ is called nondegenerate if det A^ 7^ 0. 

Covariant derivatives V6, (VA)^ and V-R" 1 , are defined by the following equalities, 
respectively ( [2] ): 

(V x b)(Y, Z) = D x (b(Y, Z)) - b(V x Y, Z) - b(Y, V X Z), (1.7) 

(VxA)^Y = Vx(A^Y) - A^VxY) - A Dxi Y, (1.8) 
(VxR^iY, Z)i = D X (R ± (Y, Z)C) - R ± (V X Y, Z)i - R ± (Y, V x Z)i - R L {Y, Z)D X £, (1.9) 

for any vector fields X, Y, Z, tangent to F n , and vector field £ normal to F n . 

Let indices, in this article, take the following values: i,j,k,s,t = l,...,n, a, /3,7 = 
1, ... ,p. We will use the Einstein rule. 

Let x be an arbitrary point F n , T x F n and T^F n be the tangent and normal spaces 
F n at point x, respectively, U(x) be some neighborhood of point x, (u 1 , . . . , u n ) be local 
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coordinates on F n in U(x), {d/du 1 } be a local basis in TF n , {n a \} be a field of bases of 
normal vectors in T^-F 71 in U(x). We may always choose the basis {n a \} orthonormalized 
and assume that g(n a \,np\) = 5 a p, where 5 a p is the Kronecker symbol. We introduce the 
following designations: 

db a / \ 

r^ = g k % 3 „ v l b% = ^-T%b« k -v\ k b% = g [n a] ,v , 
r^? = £ a T^9|j, r^gjj = ^r^j, + = o, Vj&" fc = (v^^, + v^b^ , 

(v_s>) f ^j, = V 4 6>«|, b a \ ik = 5 a ^ k , a 3 a]i = b alik g kj , 



k _ da^ k t . d ( d 



a | 



where \\g kt \\ and ||5 a,9 || are inverse matrixes to ||<7fct|| and ||5 ay g||, respectively. 

We assume that a Riemannian manifold M n+P is almost Hermitian manifold with almost 
complex structure J (see [3] , chapter 6, section 6.1). Then M n+P has even dimension: n+p = 
2(m+l), where a number m+l is called complex dimension of M n+P ; the Riemannian metric g 
is almost Hermitian, i.e. for any vector fields X, Y, tangent to M n+P , the following condition 
holds: 

g(JX,JY)=g(X,Y). (1.10) 

Almost Hermitian manifold M n+P is called Kaehler manifold ( [3] ) if almost complex 
structure J is parallel, i.e. for any vector fields X, Y, tangent to M n+P , the following condition 
holds: 

V X JY = JV^Y. (1.11) 

A submanifold F n of a Kaehler manifold M n+P is called Kaehler submanifold if for any 
vector field X G TF n , vector field JX G TF n . F n is Kaehler manifold relative to induced 
almost complex structure J and induced almost Hermitian metric g (see [3] , chapter 6, par. 
6.7). Kaehler submanifold F n in Kaehler manifold M n+P , has even dimension n = 2m and 
codimension p — 21. Number m is called complex dimension, and number / is called complex 
codimension of Kaehler submanifold F n . 

We denote by M 2m+2l (c), a Kaehler manifold of complex dimension m + I of constant 
holomorphic sectional curvature c. The tensor of Riemannian curvature R of space M 2m+21 (c) 
complies with the formula [1] : 

R(X, Y)Z = - A (g(Y, Z)X - g(X, Z)Y + g(JY, Z)JX - g(JX, Z)JY + 2g(X, JY)JZ) , 

(1.12) 

for any vector fields X, Y, Z, tangent to M 2m+2l (c). 
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2 The properties of covariant derivative V. 

Lemma 1 . Let F n be a submanifold in a Riemannian manifold M n+P . Then the following 
equality holds: 

g((V z A) ( X,Y) = g((V z b)(X,Y),0 \/X,Y,ZeTF n , V£ G T L F n . (2.1) 

Proof. We will find the expressions of the left and the right parts of the equality (2.1), 
in local coordinates. We assume 

Z = Z 1 ^, X = X j ^-, Y = Y k ^ T , £ = fW (2.2) 
du l dui du k 1 v ' 



We have: 

g((V z A) € X,Y) = Z l X^Y k C9skW alj = Z l VY k (C9s k V t a s alj - ^I^afo 
= Z^Y k (CV,lg,,a:.. .,) ~ erifa^) = Z^Y k (C^ibaUk - C^b m ) = 

= z*xiY k (rV;(M&) - Crt^b] k ) = z^Y k (r<Wv^ fe - cri^b] k ) = 

= z*x>Y k (c<WV^ fc - cr^b] k ) = 
= WY k (es a , (W jk - r%b] k ) - fr^&A) = 

= Z^Y k (C^V t b% - t a 6 a ^b] k - ^ a]i b] k ) = 

= Z*XlY k (CSafiVibP jk - fTiyli&J* - C^a\i b l) = ^ X>Y k b a ^V $ k = 

= g((V z b)(X,Y),0. 

Lemma is proved. 

Lemma 2 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M 2m+21 . Then for any 
X G TF 2m and for any £ G T^F 2m the following equality holds: 

(V x A) jr j(V x A)^ (2.3) 

Proof. From (1.1), because of (1.11), we obtain the following equalities (see , for example, 
[3] , chapter 6, section 6.1, lemma 6. 26): 

V X JY = JV X Y, Jb(X, Y) = b(X, JY), VX, Y G TF 2m . (2.4) 

From (1.2) we have: 

V x Ji = -Aj^X + D X J£, JV x i = J(-A^X + DxO- 
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Hence, because of (1.11), we obtain: 

-Aj^X + D x Ji = J(-A^X + D x £). 

Therefore, 

-Aj^X + JA ( X = JD x i - D X J£. 
Since F 2m is a Kaehler submanifold, then, from here, we have 

Aj^X = JA^X, D x (JO = JD X £, VX, Y G TF 2m . (2.5) 

From (1.7) we have 

(y x A) J( Y = V X (A J( Y) - A H (V X Y) - A Dx(J0 Y. 
Hence, using (2.4) and (2.5), we have: 

(V X A)^Y = V X J(A^Y) - JA^V X Y) - A J(Dx0 Y = 
= JV X {A^Y) - JA ( (V X Y) - JA Dxi Y = J(V X A)^Y. 

Lemma is proved. 

Lemma 3 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M 2m+2l (c) of constant 
holomorphic sectional curvature c. Then for any X,Y, Z G TF 2m and for any £ G T^F 2m 
the following equalities hold: 

(V Jz b)(X,Y) = j((V z b)(X,Y)) , (2.6) 

(Vj Z A) ( = -J{V Z A% (2.7) 
J At: = -A ( J, (2.8) 
J(V z A)s = -(VzA^J. (2.9) 

Proof. 1. Because of (1.12), the equation (1.4) takes the following form: 

( V x b) (Y, Z) = ( Vy b) (X, Z) , VX, Y,Z e TF 2m . (2.10) 

Using (2.10), from (1.7) we obtain: 

(V Jz b)(X,Y) = (V x b)(JZ,Y) = D x (b(JZ,Y))-b(V x (JZ),Y)-b(JZ,V x Y). 

Hence, using (2.4) and (2.5), we have: 

(V Jz b)(X, Y) = D x (J(b(Z, Y))) - b(JV x Z, Y) - b(JZ, V X Y) = 

= J(D x (b(Z, Y))) - J(b(V x Z, Y)) - J(b(Z, V X Y)) = 
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= J(D x (b(Z, Y)) - b(V x Z, Y) - b(Z, V X Y)) = J ((V z b)(X, Y)) . 

The equality (2.6) is proved. 

2. Using (2.6), from (2.1) we obtain: 

g((Vj Z A)sX,Y) =g((Vj Z b)(X,Y),0 = g(J((V z b)(X,Y)),0- 
Hence, because of (1.10) and equality J 2 = —I, we have: 

g((V JZ A)zX,Y) = -g((V z b)(X,Y),J0 = -g((V z A)j^X,Y) = -g(J((V z A)^X),Y). 

From here we get (2.7). 

3. From (1.6), using (2.4), we obtain: 

g(JAzX,Y) = -g(A ( X, JY) = -g(b(X, JY),£) = -g(b(JX,Y),Z) = -g(A ( JX,Y). 
Thus, 

g( JA^X, Y) = -g(A^JX, Y) VX, Y G TF 2m , V£ G T^F 2m . 

The derived equality is equivalent to (2.8). 

4. From (1.8), using (2.4) and (2.8), for any X, Y G TF 2rn and for any f G T ± F 2m , we 
have: 

J ((V x A)zY) = J(V x (AzY) - MV X Y) - A Dxi Y) = 
= V X J{A^Y) + A i J{V X Y) + A Dxi ( JY) = 
= -Vx(A^JY) + A^VxJY) + A Dx( (JY) = -(V X A)^JY). 

Thus, 

J ((V X A) € Y) = -(VxA)z(JY), VX, Y G TF 2m , V£ G T L F 2m . 
The obtained equality is equivalent to (2.9). Lemma is proved. 

Lemma 4 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M 2m+21 . 
Then the following equality holds 

V z (g(X, JY)J() =0 VX, Y,Z<E TF 2m , V£ G T L F 2m . (2.11) 

Proof. By the definition of covariant derivative V, we have: 

V z (g(X, JY)Ji) = 

= D z (g(X, JY)J0 - g(V z X, JY)Ji - g(X, V z {JY))Jt - g(X, JY)D Z (J£). 

We transform the right part of the last equality, writing it in local coordinates and using the 
designations (2.2): 
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-m (j^ + rL* m ) {JY)\Jtyz*n T - 9lk + r[ m (jyr) x\jnyz^ 



-g kl x k {JY) 1 (^f- + r^(JO CT ) z*n T = 



<)gkl -X k {JY) l {JO T - g kl T k im X m {JY)\JiY - g lk T\ m X k (JY) m (JO T ) Z*n 7 



du 



g m iTT k - g mk T% X\JY)\JtYVn T = 0. 



Lemma is proved. 



Lemma 5 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M 2m+2l (c) of constant 
holomorphic sectional curvature c. Then the following equality holds 

R^X, Y)£ = ^g(X, JY)Ji + b(X, A^Y) - b(Y, A ( X), 

VX, Y e TF 2m , V£ e T^F 2m . (2.12) 

Proof. Because of (1.12), we have: 

R(X, Y, e, r,) = g(R(X, Y)£, r,) = °-g{X, JY)g(J^, r,). 

Then the equation (1.5) takes the form: 

R ± (X, Y, e, 77) = °-g{X, JY)g(JH, r,) + g([A^ A V ]X, Y). 

We transform the second term in the right part of the obtained equality, using self-adjointness 
of operator A^. 

g([Az, A V ]X, Y) = g((A ( A ri - A V A^X, Y) = g(A ( (A ri X), Y) - g(A ri (A ( X), Y) = 

= g(A v X, A^Y) - g(AzX, A V Y) = g(b(^Y, X), rj) - g(b(^X, Y),rj). 
Then for any rj G T^F 2m we have: 

R ± (X,Y£,r ] ) = g(R ± (X,Y)Z,r ] ) = 

= g(^g(X, JY)J£, rj) + g(b(^Y, X), rj) - g(b(^X, Y),rj). 
From here we obtain the equality (2.12). Lemma is proved. 
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Lemma 6 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M 2m+2l (c) of constant 
holomorphic sectional curvature c. Then the following equality holds 

{V z R L ){X,Y)i = 

= (V z b)(X, AzY) + b(X, (VzA^Y) - (V z 6)(y, A^X) - b(Y, (V Z A)^X), 

VX, Y, Z e TF 2m , V£ G T L F 2m . (2.13) 

Proof. From formula (1.9), using (2.12), we obtain: 

(VzR^iX, Y)£ = D z {^g(X, JY)Ji + b(X, A^Y) - b(Y, A e X)) - 

- (^g(V z X, JY)Ji + b(V z X, A(Y) - b(Y, ^(V Z X))) - 
- (^g(X, J{V z Y))Ji + b(X, A^VzY)) - b(V z Y, A^X)) - 

- (^(X, JY))J(DzO + b(X, A Dz( Y) - b(Y, A Dzi X)) = 

= °- (r> z (g(X, JY)J§ - g{VzX, JY)J^ - g(X, J(V Z Y))J^ - g(X, JY)J(D Z ^ + 

+D z (b(X, AzY)) - D z (b(Y, A^X)) - b(V z X, A^Y) + b(Y, A^V Z X))- 
-b(X, MVzY)) + b(V z Y, A^X) - b(X, A Dz! Y) + b(Y, A Dz( X). 
Hence, using (2.3) and (2.4), we have 

(y z R ± )(X,Y)£ = 

= ^V z (g(X, JY)J£) + D z (b(X, AfY)) - D z (b(Y, A^X)) - 6(V Z X, A ( Y)+ 

+b(Y, M^zX)) - b(X, A^VzY)) + b(V z Y, A^X) - b(X, A Dz( Y) + b(Y, A Dzi X). 
Therefore, because of (2.11), we obtain: 

(VzR^iX, Y)£ = (r> z (b(X, A 6 Y)) - b(V z X, A^Y) - b(X, A 6 (V Z Y)) - b(X, A Dz( Y)^ - 

- (r> z (b(Y, A 6 X)) - b(V z Y, A 6 X) - b(Y, A 6 (V Z X)) - b(Y, A Dz ^ . 
Hence, using (1.7), we obtain: 

(VzR^iX, Y)£ = (lV z b)(X, A{Y) + b(X, V Z (A 6 Y)) - b(X, A 6 (V Z Y)) - b(X, A Dz {Y)^ - 
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- [(Vzb)(Y, A ( X) + b(Y, V Z {A^X)) - b(Y, A^V Z X)) - b(Y, A Dz( X)j . 
Now, using (1.8), we obtain: 

(y z R L )(X,Y)t = 

= ^(V z b)(X,A^Y) + b(X,(V z A)^Y) S j - ^V z b)(Y,A^X) + b(Y,(V z A)^X)y 
Lemma is proved. 

Lemma 7 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M 2m+21 (c) of constant 
holomorphic sectional curvature c. Then the following equality holds 

(VzR^iX, Y, £, 77) = g([(yzA)t, A V ]X, Y) + g([A^, (V Z A) V ]X, Y), 

VX, Y, Z e TF 2m , Vf , v e T ± F 2m . (2.14) 

Proof. Because of (2.13), we have: 

(VzR^iX, y, £, 77) = g ((V z i? ± )(X, Y)£, V ) = g ((V z b)(X, A^Y),r]) - 

-g ((V z 6)(y, VO, 77) + g (b(X, (V Z A^Y), V ) - g (b(Y, (V^X), 77) . 

In the derived equality, we transform the first and the second terms using (2.1), the third 
and the fourth using (1.6): 

(VzR^iX, Y, ^ V ) = g ((V Z A) V X, A^y) - g ((V ! Z A) V Y, A^X) + 

+g (A V X, (V z A)tYj) - g (A V Y, (V^X)) . 
Hence, because of self-adjointness of operators and (VA)^, we obtain: 

(VzR^iX, Y, Z, V ) = g (As(V z A) v X, Y)-g (y, (V^)^x) + 

+g(CVzA) € A v X,Y)) - g (Y, A v (V z A)^X)) = 
= g ([^, (VzA^X, Y)+g ([(V Z A)^ A V ]X, Y)) . 

Lemma is proved. 

Lemma 8 . Let F 2rn be a Kaehler submanifold in a Kaehler manifold M 2m+2l (c) of constant 
holomorphic sectional curvature c. Then the following equality holds 

(VjzR^iX, Y, e, V ) = (VzR^iX, F, J£, 77) - 2g(i(V z A)jt, A V ]X, Y), 

VX, Y, Z e TF 2m , Vf , 77 e T L F 2m . (2.15) 
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Proof. From (2.14) we obtain: 

(VjzR^iX, F, £, v) = 9([CVjzA)t, A V }X, Y) + g([At, (V JZ A)JX, Y). 
Hence, using (2.7), we have: 

(VjzR^iX, F, e, 77) = 9([- J(y Z A)^ A V ]X, Y) + g([Az, -J(V Z A)JX, Y). 
In the derived equality, we transform the second term using (2.8) and (2.9): 

[A ( , J(y z A) v ] = A C J(V Z A) V - J(V z A) v As = 
= -JAz(V z A) v + (V Z A) V JA^ = -[JAz, (V Z A) V ]. 

Therefore, 

(VjzR^iX, Y, 77) = -g([J(V z A)s, AJX, Y) + g([JA^, (V Z A) V ]X, Y). 
Hence, because of (2.3) and (2.5), and using (2.14), we obtain: 

(Vj Z R^){X,Y,i,r,) = -g([(V z A)j C ,AJX,Y)+g([Aj C , (V Z A) V }X,Y) = 
= (V^ J R ± )(X, Y, J£, 77) - 2g([(y z A) J5 , 4JX, F). 

Lemma is proved. 

3 Proofs of theorems 1, 2. 

Proof theorem 1. 

Let for some 1-form /x on F 2m , the following condition holds 

(V x b)(Y, Z) = /i(X)b(Y, Z) VX, F, Z G TF 2m . (3.1) 
Then for any vector field £ G T ± F 2m , we have: 

sr((Vx&) (y,Z),0 = £(/i(X)&(F,Z),0. 
Hence, using (2.1) and (1.6), we obtain: 

g((V x A) F, Z) = (?(//(X)A e F, Z) VX, F, Z G TF 2m , V£ G T ± F 2m . 
Thus, the condition (3.1) is equivalent to the condition 

(V X A) = fi(X)A i , VX G TF 2m , V^GT^F 2 ™. (3.2) 
From (3.2) we obtain the equality: 

(Wj X A)^ n(JX)A^ VXgTF 2 " 1 , V^TY™. (3.3) 
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On the other hand, from (3.2), because of (2.7), we have: 

(Vj^A) = —J (KX)Az) , VX G TF 2m , V£ G T^F 2m . (3.4) 

From (3.3) and (3.4), we obtain: 

ix{JX)A i = -J (n(X)Az) , VX G TF 2m , V£ G T L F 2m . 
Hence, for any Y G TF 2m , we have: 

fi(JX)A^Y = -fi(X)J(A^Y) , VX G TF 2m , V£ G T ± F 2m . (3.5) 
Using (3.5), we obtain: 

//( JX)g(A c Y, AtY) = —fj,(X)g(J (A^Y) , A{Y) = 0, 

VX, Y G TF 2m , V£ G T L F 2m . (3.6) 

Since 6^0 then there exists nondegenerate vector field £ G T ± F 2m , and from (3.6) we come 
to the equality: 

/i(X) = VX G TF 2m . 
Then 1-form /x = and, therefore, 

(Vx-A) =0, VX G TF 2m , V£ G T L F 2m . (3.7) 

Hence, because of (2.14), we obtain the conclusion of the theorem. 

Proof of theorem 2. 

Form (1.3) we obtain: 

V W R(X, Y, Z, V) = g((V w b)(X, V),b(Y, Z)) + g(b(X, V), (V w b)(Y, Z))- 

-g((V w b)(X, Z), b{Y, V)) - g(b(X, Z), (V w b)(Y, V)) VX, Y, Z,V,W G TF 2m . 
Therefore, because of (3.7), Vi? = 0. Theorem is proved. 
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